Abstract. We introduce and prove numerous new results about the orbits of the T -fractal billiard. Specifically, in §3, we give a variety of sufficient conditions for the existence of a sequence of compatible periodic orbits. In §4, we examine the limiting behavior of particular sequences of compatible periodic orbits and, more interesting, in §5, the limiting behavior of a particular sequence of compatible singular orbits. The latter seems to indicate that the classification of orbits may not be so straightforward. Additionally, sufficient conditions for the existence of particular nontrivial paths is given in §4. The proofs of two results stated in [LapNie4] appear here for the first time, as well. A discussion of our results and directions for future research is then given in §6.
. The construction of the T-fractal billiard table. Note that, at each level n, n ≥ 0, 2 n+1 copies of the base T (shown on the left) are appended, as shown in blue, (or, for those not viewing the color version of this article, as dotted segments) so as to construct the n + 1 approximation.
Introduction
A fractal billiard table is a planar billiard table Ω(F ) where the boundary ∂Ω(F ) = F is a fractal curve. In this paper, we take F to be the T -fractal billiard table shown in Figure 1 . In [CheNie1] , the fractal billiard table is a self-similar Sierpinski carpet billiard table. In [LapNie1, LapNie2, LapNie3] , the fractal billiard table under consideration was the Koch snowflake fractal billiard table. In [LapNie4] , recent results on the Koch snowflake fractal billiard table and a self-similar Sierpinski fractal billiard table are surveyed and the T -fractal billiard table is introduced; preliminary results regarding the T -fractal billiard table were presented without proof. The T-fractal is not, strictly speaking, a self-similar set nor is it the finite union of self-similar sets. However, one can construct the T-fractal by way of a particular iterated function system given in Equation (1):
This is a technical detail that we mention here and refrain from dwelling upon any longer as it will not hinder our analysis of what we are calling nontrivial paths and periodic orbits of the T -fractal billiard table; rather, it will help us in the proofs of many of our results.
The T -fractal enjoys particular properties not found in the Koch snowflake and a self-similar Sierpinski carpet. Indeed, the Koch snowflake KS is a nowhere differentiable curve bounding a region with finite area. Furthermore, a self-similar Sierpinski carpet contains no area. By contrast, the T-fractal bounds a region with finite area, yet a nontrivial portion of the boundary remains differentiable. Hence, determining directions for which one gets periodic orbits is a much easier task compared to finding such orbits in the Koch snowflake fractal billiard table. Additionally, the set of directions for which one finds periodic orbits of the T -fractal billiard table is countably infinite, this being in contrast to a self-similar Sierpinski carpet billiard table, where the number of directions for which periodic orbits occur is finite (this finite value depending exclusively on the scaling ratio of the carpet). We note that Propositions 3.1 and 3.2 below first appeared without proof in [LapNie4] ; in this paper, we provide detailed proofs of these propositions.
The paper is organized as follows. In §2, the necessary background is given so that a reader not familiar with mathematical billiards or the terminology developed in earlier works may be able to understand the remainder of the paper. Sufficient conditions for sequences of compatible periodic orbits are given in §3. In §4, we build upon the concepts developed in §3 and show that there exists nontrivial paths and periodic orbits in the T -fractal billiard Ω(T ). Then, in §5, we introduce an important example of a nontrivial path with an initial direction that is irrational, yet reaches an elusive point of the T -fractal billiard in a way that is similar to how particular nontrivial paths with rational initial directions reach their respective elusive points. This is an unintuitive behavior that begins to depart from the classical theory of billiards on square tiled billiard tables. Finally, in §6, we discuss some of our results and propose directions for future research.
Background
For the reader's easy reference, we provide in this section various definitions appearing in previous joint works; see [CheNie1, LapNie1, LapNie2, LapNie3, LapNie4] . However, all definitions will be phrased in the context of the T -fractal billiard and its approximations.
Notation 2.1. An initial condition of an orbit of a billiard table Ω(B) is given by (x 0 , θ 0 ), where x 0 is the initial basepoint on the boundary B and θ 0 is the initial inward pointing direction; see Figure 2 . In the T -fractal billiard table approximation Ω(T n ), an initial condition of an orbit will be given by (x 0 n , θ 0 n ). If f B is the billiard map 1 describing the flow in the phase space (B × S 1 )/ ∼, then f k B (x 0 , θ 0 ) = (x k , θ k ), the (k + 1)th point-angle pair in the orbit O B (x 0 , θ 0 ). If we are considering an approximation of the T -fractal billiard table, then an orbit of Ω(T n ) is given by O n (x 0 n , θ 0 n ) and f kn n (x 0 n , θ 0 n ) = (x kn n , θ kn n ) is the (k + 1)th point-angle pair in the orbit of Ω(T n ).
Definition 2.2 (Footprint of an orbit). Let
where O n (x 0 n , θ 0 n ) is viewed as the path traversed by the billiard ball.
1 See [Sm] for a detailed discussion of the billiard map fB and the phase space (B × S 1 )/ ∼, including the equivalence relation ∼. One always takes the direction of motion to be the inward pointing vector. Here, we see a billiard ball beginning at x 0 and then going in the direction of θ 0 . Upon collision at the point x 1 , the angle of reflection equals the angle of incidence and the billiard ball continues.
Definition 2.3 (Elusive point).
Let Ω(T ) be the T -fractal billiard table approximated by a sequence of rational polygonal billiard tables Ω(T n ) (as shown in Figure 1 ), where
is the collection of all elusive points of Ω(T ). We denote the set of elusive points of Ω(T ) by E .
An elusive point can be given an address in terms of L's and R's. This is motivated by the fact that with each iteration of Ω(T n ), one adds to each scaled copy of Ω(T 0 ) two smaller copies of Ω(T 0 ) of scale 2 −n−1 , a left copy and a right copy; see Figure 3 . Definition 2.4 (Rational & Irrational Elusive Points). Let x ∈ E . Then x is called a rational elusive point if the address for x is a preperiodic sequence of L's and R's. Otherwise, x is called an irrational elusive point.
Definition 2.5 (Compatible initial conditions). Without loss of generality, suppose that n and m are nonnegative integers such that n > m. Let
, respectively, where we are assuming that θ 0 n and θ 0 m are both inward pointing. If θ 0 n = θ 0 m and if x 0 n and x 0 m lie on a segment determined from θ 0 n (or θ 0 m ) that intersects Ω(T n ) only at x 0 n , then we say that (x 0 n , θ 0 n ) and (x 0 m , θ 0 m ) are compatible initial conditions. Remark 2.6. When two initial conditions (x 0 n , θ 0 n ) and (x 0 m , θ 0 m ) are compatible, then we simply write them as (x 0 n , θ 0 ) and
A so-called irrational elusive point Figure 3 . An example of how to address a rational elusive point and an irrational elusive point of Ω(T ).
then we say that such orbits are compatible. Consequently, two compatible orbits O m (x 0 m , θ 0 m ) and O n (x 0 n , θ 0 n ) will now be written as O m (x 0 m , θ 0 ) and O n (x 0 n , θ 0 ), respectively. See Figure 4 for an example of two compatible initial conditions of Ω(T 0 ) and Ω(T 1 ), respectively.
Definition 2.7 (Sequence of compatible initial conditions). Let
be a sequence of initial conditions, for some nonnegative integer i. We say that this sequence is a sequence of compatible initial conditions if for every m ≥ i and for every n > m, we have that (x 0 n , θ 0 n ) and (x 0 m , θ 0 m ) are compatible initial conditions. In such a case, we then write the sequence as {(x 0 n , θ 0 )} ∞ n=i . In this paper, x 0 n will never be in a segment of Ω(T n ) to be removed in the construction of Ω(T n+1 ). Hence, there exists a nonnegative integer i such that x 0 n = x 0 i for all n ≥ i as a point in the plane. 2 See Figure 5 for an example of a sequence of compatible orbits. 2 We note that for m = n, x 0 n and x 0 m really lie in two different spaces. When we say that they are equal, we are actually implying that some embeddings of x 0 n and x 0 m into the plane are equal. This is a technical detail that will not cause any problems, but is worth mentioning. 
It is clear from the definition of a sequence of compatible orbits that such a sequence is uniquely determined by the first orbit O i (x 0 i , θ 0 ). Since the initial condition of an orbit determines the orbit, we can say without any ambiguity that a sequence of compatible orbits is determined by an initial condition (x 0 i , θ 0 ). Definition 2.9 (Sequence of compatible P orbits). Let P be a property (resp., P 1 , ..., P j a list of properties). If every orbit in a sequence of compatible orbits has the property P (resp., a list of properties P 1 , ..., P j ), then we call such a sequence a sequence of compatible P (resp., P 1 , ..., P j ) orbits. 
n on some side σ of T n . Then the least positive integer k n such that x kn n lies on σ is called the first return time of the orbit. We denote k n by υ n when k n is the first return time of the orbit.
Notation 2.11. We denote by O n (x 0 n , θ 0 n ) υn the portion of the orbit determined from the path beginning on σ and returning to σ for the first time.
Definition 2.12 (First escape time τ n of an orbit O n (x 0 n , θ 0 n )). Let O n (x 0 n , θ 0 n ) be an orbit of Ω(T n ) with x 0 n on some side σ of T n . Then the least positive integer k n such that x kn n lies on a segment σ ′ to be removed in the construction of Ω(T n+1 ) from Ω(T n ) is called the first escape time and is denoted by τ n . In the event an orbit does not intersect with a segment to be removed in the construction of Ω(T n+1 ) from Ω(T n ), the first escape time will be defined to be zero. Notation 2.13. We denote by O n (x 0 n , θ 0 n ) τn the portion of the orbit determined from the path intersecting with σ ′ and stopping at σ ′ . See Figure 6 for an example of O n (x 0 n , θ 0 n ) τn , for n = 0, 1, 2.
Definition 2.14 (Escaping orbit). An escaping orbit of Ω(T ) is an orbit of Ω(T ) that reaches an elusive point of Ω(T ).
Definition 2.15 (Nontrivial path). Let {O n (x 0 n , θ 0 )} ∞ n=i be a sequence of compatible orbits and N n (x 0 n , θ 0 ) be the portion of the orbit (when viewed as a path) contained in Ω(T n ) that reaches a segment to be removed in the construction of Ω(T n+1 ). Then When we view O n (x 0 n , θ 0 n ) τn as a path in the plane, then we have that,
In Figure 6 , the first three paths
derived from a particular sequence of compatible periodic orbits are given. When it is clear from the context, we will not differentiate between the two notions. One only makes the distinction when one is considering O n (x 0 n , θ 0 n ) as the Poincaré section of the phase space. This minor technical detail is also what prevents us from naively taking the Hausdorff limit of a sequence of compatible orbits, as we explain below after Definition 2.20.
Remark 2.16. Definition 2.15 is more precise than Definition 5.5 given in the article [LapNie4] . Definition 2.15 is stated in the context of the T-fractal billiard for the purposes of this paper.
If we denote by υ n the first return time of the orbit O n (x 0 n , θ 0 n ), then we denote by υ j n , the jth return time of the orbit O n (x 0 n , θ 0 n ).
We now define what it means for an orbit of Ω(T ) to be a singular orbit of the T -fractal billiard table. There will be two cases to consider.
Definition 2.17 (Singular orbit of Ω(T ))
. Let {O n (x 0 n , θ 0 )} ∞ n=i be a sequence of compatible orbits.
(1) Suppose υ n > τ n > 0 for infinitely many n ≥ i.
yields an escaping orbit and a nontrivial path N (x 0 , θ 0 ). If the Hausdorff limit of {O n (x 0 n , θ 0 )} ∞ n=i does not exist, then we say that O(x 0 , θ 0 ) (with x 0 = x 0 i ) is a singular orbit and that the path tra-
Remark 2.18. In Case (2) of Definition 2.17, either there exists a nonnegative integer N ≥ i such that for every n ≥ N , τ n = 0 or for every nonnegative integer n ≥ i there exists a positive integer k such that υ n > τ n > 0, the latter implying that {O n (x 0 n , θ 0 )} ∞ n=i yields a nontrivial path. However, one cannot say how O(x 0 , θ 0 ) (with
When we speak of a singular orbit of Ω(T n ), we mean that the forward orbit is a singular orbit. This is to differentiate from what are called saddle connections.
3 The reason for this distinction is that an orbit with θ 0 such that tan θ 0 is irrational may yield a singular forward orbit, yet starting from the same point x 0 n but with a new direction of π − θ 0 will yield a dense orbit, or vice-versa.
Definition 2.19 (Recurrent orbit of Ω(T )).
Consider {x υn n } ∞ n=i , the sequence of basepoints derived from a sequence of compatible orbits and also constituting the points of first return to the segment containing x 0 n . If the sequence of first return points converges to a point x υ on the segment containing x 0 n , then we say that the limit x υ of the sequence is the first return point of the orbit
Definition 2.20 (A periodic orbit of Ω(T )). Let {O n (x 0 n , θ 0 )} ∞ n=i be a sequence of compatible orbits and υ j n be the jth return time of the or-
n=i , then the limiting curve is called a periodic orbit of Ω(T ). We note that the Hausdorff limit of {O n (x 0 n , θ 0 n ) υn } ∞ n=i should be interpreted as the Hausdorff limit of the sequence of compatible orbits when viewed as paths (or traces of the orbits) in the plane. To be precise, we are technically invoking the Hausdorff-Gromov limit when discussing the limit of a particular sequence of subsets of paths of orbits, since each orbit lives in a different phase space.
Sequences of compatible periodic orbits
In this section, we give sufficient conditions for when a sequence of compatible orbits is a sequence of compatible periodic orbits. Our goal here is to lay the foundation for the study of the limiting behavior of particular sequences of compatible periodic orbits considered in §4. In §5, we will give an example of a sequence of compatible singular orbits that yields a nontrivial path of the T -fractal billiard table. Such a nontrivial path will constitute a singular orbit of Ω(T ).
Determining which intercepts and slopes yield line segments in the plane that avoid lattice points of the form (
, with c and d nonnegative integers, is equivalent to specifying an initial condition of an orbit of a square billiard table that avoids corners of the billiard table. Extending this reasoning to Ω(T ), we can determine various sufficient conditions for the existence of a sequence of compatible periodic orbits of the prefractal billiard tables Ω(T n ), for n ≥ 0.
Specifically, using the fact that an appropriately scaled square billiard table tiles Ω(T n ), we can reflect-unfold such an orbit in Ω(T n ) in order to determine an orbit of Ω(T n ).
Proposition 3.1. Let x 0 0 = t h k , with k, t being positive integers, t and h relatively prime, h a positive odd integer and 0 < t < h k . Further, let m ∈ R. If for every p, q, r, s ∈ Z, r, s ≥ 0, we have that
then the line y = m(x − x 0 0 ) does not contain any point of the form (
Note that the condition (2) above is automatically satisfied if the slope m is irrational.
0 . Then, after a few algebraic manipulations, we obtain that 
Since k, t > 0 and (t, h) = 1 (i.e., t and h are relatively prime), we see that the left-hand side of Equation (3) contains a factor of h and the right-hand side of Equation (3) does not. This is a contradiction. Hence, the point (
is a sequence of compatible periodic orbits; see Figure 5 .
Finally, Propositions 3.1 and 3.2 (combined with the fact that an initial condition of an orbit of Ω(T i ), i ≥ 0, determines a sequence of compatible orbits {O n (x 0 n , θ 0 )} ∞ n=i ), allow us to determine a countably infinite family of sequences of compatible periodic orbits. We state this as a theorem.
Theorem 3.4. Let x 0 0 and θ 0 such that m = tan θ 0 . If x 0 0 and m satisfy Propositions 3.1 or 3.2, then {O n (x 0 n , θ 0 )} ∞ n=i is a sequence of compatible orbits. Moreover, if m is rational, then {O n (x 0 n , θ 0 )} ∞ n=i is a sequence of compatible periodic orbits.
We now introduce a specific family of sequences of compatible periodic orbits. A sequence of compatible periodic orbits in such a family will clearly have a trivial limit, this point being discussed in §4.
Definition 3.5 (Eventually constant sequence of compatible orbits). Consider the sequence of compatible orbits {O n (x 0 n , θ 0 )} ∞ n=i . If there exists a nonnegative integer N such that for every n ≥ N the points for which
is an eventually constant sequence of compatible orbits. Furthermore, a sequence of compatible orbits {O n (x 0 n , θ 0 )} ∞ n=i is an eventually constant sequence of compatible orbits if and only if {O n (x 0 n , π − θ 0 )} ∞ n=i is an eventually constant sequence of compatible orbits.
4
It should be made clear that a sequence of compatible dense orbits given by {O n (x 0 n , θ 0 )} ∞ n=i will never be an eventually constant sequence of compatible orbits, because we are concerned with both the forward orbit and the backwards orbit simultaneously, though the notation may belie this fact; this is another subtle difference between an orbit and a nontrivial path. Suppose a sequence of compatible orbits {O n (x 0 n , θ 0 )} ∞ n=i yields a singular orbit of Ω(T ), in the sense that each (forward) orbit O n (x 0 n , θ 0 ) is a singular orbit. Instead, now consider the sequence of compatible orbits {O n (x 0 n , π − θ 0 )} ∞ n=i . Such a sequence of compatible orbits is never eventually constant, since each orbit must be uniformly distributed in its respective billiard table. We will see an example of this phenomenon in §5.
The following two lemmas are necessary for establishing sufficient conditions for the existence of a particular family of eventually constant sequences of compatible periodic orbits of prefractal billiard tables.
Lemma 3.6. Suppose an orbit of Ω(T 0 ) has an initial condition ((2 −1 , 0), θ 0 ), such that tan θ 0 = 2 −n for some integer n ≥ 2. Then, the sequence of compatible orbits {O k (x 0 k , θ 0 )} ∞ k=0 is an eventually constant sequence of compatible periodic orbits.
Proof. We proceed by discussing the orbits of a square billiard table with the same initial conditions or related initial conditions.
Let Ω(S) be the unit square billiard table and Ω(S ′ ) be the square billiard table with side-length 2 −1 . Unfolding the orbit O S ((2 −1 , 0), θ 0 ) in a tiling of the plane by the unit square S results in a straight-line path that intersects 2 n +1 squares before reaching (2 n +2 −1 , 1) in the plane. During the unfolding process, 2 n many unfoldings were made to produce the straight-line path. Hence, the billiard ball intersects the top of the unit square with a direction that is identical to θ 0 . in Ω(S) such that (0, 0) in S ′ corresponds to (2 −1 , 0) in S will intersect the midpoint of the top of the billiard Ω(S). Since Ω(T 0 ) is tiled by S ′ , we see that the orbit will continue and intersect the midpoint of the top of Ω(T 0 ). By symmetry, the reflected-unfolded orbit does not intersect any segment removed in subsequent approximations. In addition, the orbit O 0 ((2 −1 , 0), θ 0 ) in Ω(T 0 ) remains fixed for every subsequent approximation.
Example 3.7. In Figure 7 , we see an example of such an orbit of Ω(T 0 ).
Lemma 3.8. Let k be a positive integer. Consider x 0 k , the midpoint of a lower horizontal segment overhanging the square stump of Ω(T k ). If θ 0 is such that tan θ 0 = 2 −n for some integer n ≥ 2, then O k (x 0 k , θ 0 ) is an orbit which remains in a rectangular region of Ω(T k ) and intersects the top of Ω(T k ) at the midpoint of a segment removed in the construction of Ω(T k+1 ) from Ω(T k ).
Proof. It suffices to prove the statement for the case k = 1. Consider x 0 1 , the midpoint of a lower horizontal segment overhanging the square stump of Ω(T 0 ). We know from the proof of the previous lemma that the orbit O 0 (2 −1 , θ 0 ) is an orbit of Ω(T 0 ) that intersects the top of the unit square billiard table at the midpoint by forming a segment with slope 2 −n . Additionally, 2n many reflections are required to reach the point (2 n + 2 −1 , 1) when unfolding O 0 (2 −1 , θ 0 ) in a tiling of the plane by the unit square. Since the rectangular region of Ω(T 0 ) is tiled by four squares, each with side-length 1 2 (in general, side-length 2 −k ) and 2 n + 2 −1 mod 4 = 1 2 , because n ≥ 2, it follows that the reflected-unfolding of O k (x 0 k , θ 0 ) intersects a midpoint of a segment of Ω(T 1 ) removed in the construction Ω(T 2 ).
Since the orbit O 0 (2 −1 , θ 0 ) intersects the base of the square only at the initial basepoint, the reflected-unfolding of such an orbit must do the same in the rectangular region of Ω(T 1 ). Now, for every k ≥ 1, let x 0 k be a midpoint of a segment overhanging a square stump of T scaled by 2 −k . An orbit O k (x 0 k , θ 0 ), with the above Figure 8 . An orbit with an initial condition shown never exits the rectangular region of Ω(T 0 ). In other words, it never intersects the base of Ω(T 0 ), but will very clearly escape to Ω(T 1 ).
integer n satisfying n ≥ 2, will be an orbit that remains in the rectangular region of Ω(T k ) containing x 0 k . Example 3.9. In Figure 8 , we see an example of such an orbit of Ω(T 0 ). Theorem 3.10. Let k be a positive integer. Let x 0 k be the midpoint of a segment overhanging the square stump of a copy of T 0 of scale 2 −k . If θ 0 is such that tan θ 0 = 2 −N for some integer N ≥ 2, then the sequence of compatible orbits {O n (x 0 n , θ 0 )} ∞ n=k is an eventually constant sequence of compatible periodic orbits.
Proof. It suffices to prove the statement for a particular case. Let x 0 0 be the midpoint of a segment overhanging the square stump of T 0 . By Lemma 3.8, the orbit O 0 (x 0 0 , θ 0 ) intersects the midpoint of a segment removed in the construction of Ω(T 1 ) in such a way that the compatible orbit O 1 (x 0 1 , θ 0 ) enters into the scaled copy of T 0 at such a point and with such a direction that the portion of the orbit contained in the scaled copy of T 0 is, in fact, a scaled copy of the orbit O 0 (2 −1 , θ 0 ) of Ω(T 0 ). By Lemma 3.6, such an orbit remains fixed in Ω(T 0 ). Hence, the scaled copy of the orbit O 0 (2 −1 , θ 0 ) of Ω(T 0 ) will coincide with part of the orbit O 1 (x 0 1 , θ 0 ), meaning that {O n (x 0 n , θ 0 )} ∞ n=k , with θ 0 such that tan θ 0 = 2 −N for some N ≥ 2, is an eventually constant sequence of compatible periodic orbits.
Limits of particular sequences of compatible orbits
In §3, we showed that there are sequences of compatible periodic orbits that are eventually constant and we provided examples of sequences of compatible periodic orbits that were not eventually constant. We focus now on determining limits of such sequences and show that they sometimes yield Figure 9 . Two nontrivial paths reaching two distinct elusive points of Ω(T ). As discussed in Example 4.1, each nontrivial path can be constructed by way of repeatedly scaling finitely many segments and appending to such segments the scaled copy.
nontrivial paths or periodic orbits. In §5, we provide an example of a sequence of compatible singular orbits that yields a nontrivial path. We begin with an example as motivation for some of the following results. . There exists a nonnegative integer n such that 0 < τ n < υ n and x τn n is a distance of (3 · 2 n ) −1 from a corner and the direction of the orbit prior to collision is θ 0 . Consequently, the path N n ( 1 3 , θ 0 ) derived from O n ( 1 3 , θ 0 ) τn can be scaled by 2 −n , and appended at x τn n to produce the next τ n -many segments in the path derived from the orbit O 2n (
Continuing in this fashion, we can show that such a procedure produces a nontrivial path of Ω(T ); see the image on the left in Figure 9 . A similar construction produces a nontrivial path in the direction π − θ 0 starting from Lemma 4.2. Consider a unit-square billiard table Ω(S). Let p > 1 be an odd, positive integer and x 0 = m2 −l , for any positive integers l, m, be a point on the base of Ω(S). Let θ 0 ∈ (0, π) be such that tan θ 0 = 1 p (resp., tan θ 0 = − 1 p ). Then, any orbit O S (x 0 , θ 0 ) with x 0 ∈ (0, 1/2) on the base of S necessarily intersects the boundary S at (x p+1 , 1) ∈ (1/2, 1) × {1}. Similarly, if x 0 ∈ (1/2, 1) on the base of S, then the orbit O S (x 0 , θ 0 ) intersects the boundary S at (x p+1 , 1) ∈ (0, 1/2)×{1}. In both cases, the direction in which the pointmass is moving is π−arctan 1/p (resp., arctan 1/p). Moreover, x p+1 is a horizontal distance away from the left-hand side of Ω(S) given by 1 − x 0 .
Proof. This follows by inspection. Assume for definiteness that tan θ 0 = 1/p and x 0 ∈ (0, 1/2). One recognizes that, until the ball has reached the top of Ω(S), collisions on the left-hand side of Ω(S) are indexed by even values and collisions on the right-hand side are indexed by odd values; this relies on the fact that the slope 1/p is less than one and S is the unit square. Since x 0 ∈ {0, 1/2, 1}, we must have that after the pth collision on the right-hand side of Ω(S), the pointmass must intersect the top edge of Ω(S) away from the corners and the midpoint of the top of Ω(S), this being the p + 1th collision.
Since x 0 ∈ (0, 1/2), x p+1 is a distance of x 0 from the right-hand side of Ω(S). Hence, x p+1 is a horizontal distance away from the left-hand side of Ω(S) given by 1 − x 0 .
In the case where tan θ 0 = −1/p, a similar argument holds. • An orbit O(x 0 , θ 0 ) with 1 < x 0 < 2 -intersects the segment (3, 1), (4, 1) at a point x k if p ≡ 5 mod 8 or p ≡ 7 mod 8 at an angle θ 0 ; -intersects the segment (0, 1), (1, 1) at a point x k if p ≡ 1 mod 8 or p ≡ 3 mod 8 at an angle θ 0 .
• An orbit O(x 0 , θ 0 ) with 2 < x 0 < 3 -intersects the segment (3, 1), (4, 1) at a point x k if p ≡ 5 mod 8 or p ≡ 7 mod 8 at an angle π − θ 0 ; -intersects the segment (0, 1), (1, 1) at a point x k if p ≡ 1 mod 8 or p ≡ 3 mod 8 at an angle π − θ 0 .
Proof. This follows by inspection in each case and by recognizing the fact that the translation surface S (R) is tiled by 8 unit squares in the horizontal direction; see [MasTa] for a detailed discussion of translation surfaces and is either in (0, 1/2) or (1/2, 1). Suppose we write x 0 0 in terms of its binary expansion (which is an infinite binary expansion, since this is not a dyadic rational). If x 0 0 ∈ (0, 1/2), then rescaling x 0 0 by 2 results in x 0 0 shifted to the left by one digit. For example, 1/3 = 0.01 scaled by 2 is 2/3, which has the binary representation 0.10. If x 0 0 ∈ (1/2, 1), then (2x 0 0 ) mod 1 is equal to the mantissa of the shift of x 0 0 to the left by one digit. For example, 5/9 = 0.1000111 and (10/9 mod 1) = 1/9, which has a binary representation 0.000111.
Now consider x 0 0 ∈ I and θ 0 = (0, π/2). Then, we say that the origin, relative to the direction θ 0 , is (0, 0). More succinctly, (0, 0) is the relative origin of x 0 0 . If, on the other hand x 0 0 ∈ I and θ 0 = (π/2, π), then we say that the relative origin of x 0 0 is (1, 0). Specifying a basepoint x 0 0 = m2 −l on the base of Ω(T 0 ) and an angle, it is clear we can always specify a relative origin in a well-defined manner. Suppose {O n (x 0 n , θ 0 )} ∞ n=i is a sequence of compatible orbits where, for every n ≥ 0, there exists a nonzero first escape time τ n (in the sense of Definition 2.12). At each x τn n , the direction of motion prior to collision is given by either θ 0 or π − θ 0 , neither of which describes a vertical direction of flow. Hence, at each x τn n , a relative origin can be described in a well-defined manner; see Figure 10 .
We introduce some related notation. Suppose x 0 0 is a point on the base of Ω(T 0 ). Then x 0 0 has a binary expansion and we represent the first k-many digits of the expansion of x 0 0 by (x 0 0 ) k , k ≥ 1. We will relate an approximation Ω(T n ) and the distance x τn n is from its relative origin to the the finite binary expansion (x 0 0 ) n+1 . Moreover, as we indicated above, x 0 0 may be represented as either a rational value or as a binary expansion. It will be clear from the context which representation of x 0 0 we are using. For example, when we compute x 0 0 − (x 0 0 ) n , we are supposing x 0 0 is written as an infinite binary expansion. Additionally, the notation (x 0 0 ) k,k+1 represents the k + 1 digit in the binary expansion of x 0 0 preceded by k-many zeros. Lemmas 4.2 and 4.3 imply part of the following lemma. . This follows from the fact that when one is examining the billiard orbit in Ω(T 0 ), one may do so as if it were the reflected-unfolded orbit of a square billiard table with side-length measuring 1/2. Hence, a billiard ball beginning a certain distance away from a corner of a square will intersect the top of the square at the same distance from some other top corner. This corner would then constitute the relative origin of this basepoint in the smaller square billiard table. Since one is reflecting-unfolding an orbit into the approximation Ω(T 0 ), the billiard ball will intersect a segment to be removed in the construction of Ω(T 1 ) from Ω(T 0 ), but located a distance of . The argument supporting this assertion is similar to the argument given in the preceding paragraph.
A similar argument can be used when tan θ 0 0 = −1/p.
Proposition 4.5. Let p > 1 be an odd, positive integer and x 0 0 = m2 −l , for any positive integers l, m, be on the base of Ω(T 0 ). If {O n (x 0 n , θ 0 )} ∞ n=0 is a sequence of compatible periodic orbits with tan θ 0 = 1 p then, for every n ≥ 0, there exists a nonzero first escape time τ n > υ n and x τn n lying on a segment of Ω(T n ) to be removed in the construction of Ω(T n+1 ) from Ω(T n ).
Moreover, if tan θ 0 = 1 p , then x τn n is a distance of
Proof. We proceed by induction on n. The base case n = 0 is stated in Lemma 4.4. Let N > 0. For every n ≤ N , we assume that x τn n does not have a finite binary expansion, determined relative to the segment on which x τn n lies and that
Then, Lemma 4.4 shows that the first escape time τ n+1 is nonzero and less than the first return time υ n+1 .
We see that
The midpoint of the segment on which x τn n lies is between x τn n and O x τn n if and only if (x 0 0 ) n+1,n+2 = 1. Therefore,
|.
Corollary 4.6. Let p > 1 be an odd, positive integer and x 0 0 = m2 −l , for any positive integers l, m, be on the base of Ω(T 0 ). Suppose {O n (x 0 n , θ 0 )} ∞ n=0 is a sequence of compatible periodic orbits with
yields two nontrivial paths, N (x 0 , θ 0 ) and N (x 0 , π − θ 0 ).
Proof. From the sequence of basepoints {x τn n } ∞ n=0 , we can construct a sequence of paths {N n (x 0 n , θ 0 )} ∞ n=0 converging, in the sense of the Hausdorff limit, to a nontrivial path N (x 0 , θ 0 ) that reaches an elusive point of Ω(T ). Similarly, {N n (x 0 n , π − θ 0 )} ∞ n=0 reaches an elusive point. If x 0 0 is irrational, then |x 0 0 − (x 0 0 ) N | is never rational. Hence, for any n ≥ 0, there is no way to scale O n (x 0 n , θ 0 ) τn so as to append to x τn n and produce the path O 2n (x 0 2n , θ 0 ) τ 2n . If there were, this would imply that the corresponding orbit of a square of scale 2 −n−1 would unfold as a straight-line into a tiling of the plane by squares with side-length 2 −n−1 and intersect a horizontal segment at a point with an x-coordinate that would be rational, this being impossible. Hence, the corresponding nontrivial path converges to an irrational elusive point of Ω(T ).
Remark 4.8. We note that in the proof above when the direction of motion at x τ N −1 N is not θ 0 , but is instead π − θ 0 , the point of first escape x τ N N is no longer the same point as when the direction of travel was assumed to be θ 0 . This follows from the fact that we are measuring how far x τ N N is from its relative origin, and that this distance must remain the same. The notation remains the same, while the physical location of the first escape must be different so as to maintain the same distance from the appropriate relative origin (which depends solely on the direction of travel). Proof. We claim that for each n > 0, O n (x 0 n , θ 0 ) is an orbit with a first escape time τ n and first return time υ n such that τ n < υ n and |x υn n − x 0 0 | < 2 −n+1 . The fact that τ n < υ n follows from Corollary 4.6. Using the symmetry of Ω(T 0 ) and Lemmas 4.2 and 4.3, one can show that an orbit beginning from the base of Ω(T 0 ) at an angle of θ 0 will return in an antiparallel direction θ 0 +π. Consequently, in any scaled copy of Ω(T 0 ) in Ω(T n ), any orbit passing through a deleted segment at an angle θ k will return and pass through the deleted segment at an angle of θ k + π and less than a distance of 2 −n+1 from the point at which the orbit initially crossed the deleted segment. Hence, x υn n will be a distance of 2 −n+1 from x 0 0 . As n increases, the distance between x υn n and x 0 0 decreases to zero. Hence, the sequence of compatible periodic orbits will converge in the sense of the Hausdorff limit to a periodic orbit of Ω(T ), the path that this orbit takes being given by the union of the two nontrivial paths guaranteed by Corollary 4.6.
As alluded to in §3, we now return to our discussion of eventually constant sequences of compatible periodic orbits. Recall that an eventually constant sequence of compatible orbits was defined in Definition 3.5 and that an eventually constant sequence of compatible periodic orbits is one for which every compatible orbit is periodic in its respective billiard table. We now state the following.
Theorem 4.10. The trivial Hausdorff limit of an eventually constant sequence of compatible periodic orbits is a periodic orbit of Ω(T ).
A nontrivial path in an irrational direction
Finally, we provide an example of a sequence of compatible singular orbits yielding a nontrivial path that converges to a rational elusive point, yet has an initial direction that is irrational. Hence, each orbit in the sequence of compatible orbits is only part of an orbit that is, in fact, singular in its respective approximation (each backwards orbit will be dense in its respective approximation). Consequently, such a sequence of compatible orbits will yield a nontrivial path that constitutes a singular orbit of Ω(T ), per Definition 2.17.
Consider the initial direction θ 0 such that tan θ 0 = √ 2/34. We claim that there exists x 0 in the base of Ω(T ) such that O(x 0 , π − θ 0 ) is a singular orbit of Ω(T ) and the path given by the orbit is a nontrivial path N (x 0 , π − θ 0 ) reaching a rational elusive point of Ω(T ).
In this particular setting, we want to denote by ζ n the number of iterations of the billiard map required for the orbit to reach the bottom of Ω(T n ). This notation is particularly advantageous for when the billiard ball is beginning from the top of Ω(T n ) (or any other segment of Ω(T n ) that is not the base of Ω(T n )). Additionally, we denote by σ n the value n i=0 3·2 −i−1 , this being the height of Ω(T n ).
An orbit beginning at the point on the boundary of Ω(T 0 ) given by (0, σ 0 ) at an angle of 2π − θ 0 must return to the base at the point with x-coordinate Figure 11 . Suppose an orbit begins at (0, σ 1 ) at an angle of π + θ 0 . Then, as seen in our exact arithmetic simulations, the orbit passes through the point (−x ζ 0 0 /2, σ 0 ) and eventually, after finitely many more collisions, and before escaping to Ω(T 2 ), the orbit intersects the base at the point Consider a sequence of initial conditions {(x 0 n , θ 0 n )} ∞ n=0 , where x 0 n = (0, σ n ) (the top of Ω(T n ) with x-coordinate 0) and
for all nonnegative integers k. Observe that this is not a sequence of compatible initial conditions.
We assume that the basepoint x ζn n of the orbit O n (x 0 n , θ 0 n ) lying on the base of Ω(T n ) is given by Figure 13 . We have embedded the orbit shown in Figure  11 into Ω(T 1 ). Moreover, x ζ 0 0 is shown to the left of x ζ 1 1 , as is expressed in Equation (7). The dotted segment beginning at the top of Ω(T 1 ) and going in the direction of π + θ 0 continues at the other dotted line, which is very close to the path given by the embedded orbit. The full orbit was not shown, because it would obscure the important aspects of the two orbits. The image on the bottom is meant to illustrate just how close together x ζ 1 0 and x ζ 1 1 are, and, consequently, how close together the paths given by the orbits are.
for every n ≥ 1. We see that this assumption coincides with our exact arithmetic simulations of the following orbits:
...
We define y 0 := x ζ 0 0 + 2s 0 . We now consider the sequence of compatible orbits {O n (y 0 , π − θ 0 )} ∞ n=0 .
5
It can be shown through symbolic computation that 1) each (forward) orbit is singular and 2) a particular subset of the path of the orbit O 1 (y 0 , π − θ 0 ) can be scaled by 2 −1 , reflected and translated so as to recover the part of O 2 (y 0 , π − θ 0 ) missing from O 1 (y 0 , π − θ 0 ) τ 1 , when embedded in Ω(T 2 ).
Since the orbit O 1 (y 0 , π −θ 0 ) eventually intersects a corner of Ω(T 1 ) for some k n > τ n , the following detailed explanation of how one scales and appends part of an orbit to determine the successive orbits can be used to justify why each orbit is in fact a singular orbit of its respective approximation. Let Moreover, each orbit O n (y 0 , π − θ 0 ) intersects a corner of Ω(T n ) after intersecting with a segment that would be removed in the construction of Ω(T n+1 ). While such orbits would be dense in backwards time, we are only interested here in determining a nontrivial path. Hence, {O n (y 0 , π − θ 0 )} ∞ n=0 is a sequence of compatible singular orbits yielding a nontrivial path. This nontrivial path then constitutes a singular orbit of Ω(T ), in the sense of Definition 2.17.
Discussion
We have begun to thoroughly understand what constitutes a periodic orbit of the T -fractal billiard Ω(T ). Eventually constant sequences of periodic orbits have trivial limits constituting periodic orbits of Ω(T ). Other more complicated examples involved showing that particular sequences of compatible periodic orbits yielded limiting curves that constitute periodic orbits in the form of the unions of two nontrivial paths. More precisely, a sequence of compatible periodic orbits coming from a particular family of sequences of compatible periodic orbits could be shown to converge with respect to the Hausdorff metric to a well-defined path given by the union of two nontrivial paths derived from the sequence of compatible periodic orbits. 5 In what follows, the notation On(x 0 n , θ 0 n ) will be employed interchangeably to refer to the orbit in its native approximation and also, to its embedding into subsequent approximations Ω(Tn), n > k, of the T-fractal billiard table.
(a) (b) (c) Figure 14 . The figure on the left stops at the segment to be removed in the construction of Ω(T 1 ) from Ω(T 0 ). The figure in the middle is exactly where the orbit picks up when entering into Ω(T 1 ). The last figure is then the union of two first paths shown. The orbit shown in the center may be scaled by 2 −n , appropriately reflected and appended to x τn n , n ≥ 2 to produce the portion of the next orbit.
We wish to know in future works whether or not every periodic orbit is either the trivial limit of an eventually constant sequence of compatible periodic orbits or the Hausdorff(-Gromov) limit of a sequence of compatible periodic orbits.
Given our example in §5, we suspect that a classification of orbits on the T -fractal billiard will not be as straightforward as it is for square-tiled billiard tables (namely, that in a fixed direction, the billiard flow is either closed or uniquely ergodic). Regarding the example in §5, we seek to understand what happens for the billiard orbit beginning from y 0 := x ζ 0 0 + 2s 0 in the direction of θ 0 such that tan θ 0 = √ 2/34. That is, we want to know whether or not such an orbit will also form a nontrivial path and converge to a rational elusive point as well. If this is the case, then this would be an example of a sequence of compatible dense orbits yielding a nontrivial path reaching a rational elusive point. A further question we could then ask is whether or not the union of the two nontrivial paths then constitutes a periodic orbit of the T -fractal billiard, in the sense of Definition 2.20. If this turns out to indeed be the case, then this would constitute a periodic orbit of the T -fractal billiard in an irrational direction.
